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In part 2 (Brown & Stewartson 1982) of this paper we set out the linearized solution
of the critical layer that is expected to hold some time after the forced internal gravity
wave of small amplitude e is initiated at an infinite distance above the shear layer.
This differed from that presented in part 1 (Brown & Stewartson 1980) in that in
part 2 we exploited to a much greater extent the fact that the Richardson number J
was large and obtained the solution in a form consisting of explicit functions rather
than infinite integrals. Also it was demonstrated that at times ¢ = O(1) the wave did
not penetrate beyond a certain level in the critical layer, and that critical-layer noise
only was created above this line and transmitted below it. In this paper we examine
the development of this solution on a longer time scale 7 (coc ¢#) and show how the
reflection and transmission coefficients which are exponentially small,

Ofexp (—(J — Pt m)},

when 7 = 0 increase with time. As in part 1 we obtain a reflection coefficient for the
first harmonic that is O(73), and because of the simpler formulation of the linearized
solution are able to obtain a reflected second harmonic. These harmonics appear as
complementary functions that are induced by singularities in the particular integrals
of the equations. It is shown that the interaction between the initial-noise term in
the lower part of the critical layer and an induced-noise term at the sixth stage of the
expansion will eventually lead to a transmitted wave. This appears at the ninth stage
of the expansion and its transmission coefficient is O(712) though it is not explicitly
calculated here.

1. Introduction

The study of part 2 (Brown & Stewartson 1982) completes the formulation of the
solution of the linearized equations when a plane wave of small amplitude ¢ is main-
tained at y = + o0 in a strongly stratified shear flow. In § 5 of that paper we obtained
the solution in the neighbourhood of the critical layer at ¥ = 0 that will result some
time after the forcing is initiated. When aU'(0) y¢ > v and v > 1 the stream function
consists of two terms as in (2; 5.16),T the first of which corresponds to the prescribed
incident wave and the second of which we have called critical-layer (CL) noise. When
al’(0)yt < v only the CL-noise is present as may be seen from (2; 5.17). However,
as ¢ increases this linear theory eventually becomes inadequate as the horizontal
component of velocity and the temperature become large. As in part 1 (Brown &

1 We denote equation (5.16) of part 2 by (2; 5.16), ete.
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Stewartson 1980) the time scale on which they do so is O(¢~%) and the critical layer
then has thickness O(cf). In this third paper we examine developments on this new
time scale 7 = O(1) (7 = e¥af), and show that although, as shown in part 1, when
t = O(1) the critical layer acts as an almost perfect absorber of the incident wave, on
this longer time scale the critical layer starts to return some energy to the shear layer
in the form of, first, reflected and, later, transmitted waves.

In §§2, 3 we set up the nonlinear equations of the critical layer to order ¢ and
initiate expansions of the stream function and temperature in fractional powers of 7,
retaining in each term where appropriate the leading ‘wave’ and ‘noise’ contribution
for v » 1. In §4 we show how the interaction of these two contributions in the region
7 > 1 (9 = ¢ 3U’(0)y7/v), induces singularities at = 7,(= }(1+4/5)%) that generate
two additional complementary functions for 4 > 7,. One again represents CL-noise
but the other leads to a reflected wave with reflection coefficient O(73). This is a first
harmonic and its coefficient was also calculated in part 1 for the special case of a
hyperbolic velocity profile for the basic shear flow. In § 5 a similar investigation gives
a second harmonic with reflection coefficient O(r%), and for the first time a comple-
mentary function is induced that extends to the region 4 < 0. This turns out to be
of importance for the eventual appearance of a transmitted wave.

The general strategy of the expansion is explained in §6, where it is shown that
eventually all harmonics will occur in the reflected wave. In §7 the development of
the solution in the region 3 < 1 is discussed and it is demonstrated that interaction
between the initial CL-noise of (2; 5.17) with an induced complementary function of
order 77, that itself also represents noise, will in turn lead to a transmitted wave with
transmission coefficient O(712), although its coefficient is not calculated explicitly. In
§ 8 we present a summary and discussion of all three papers.

2. The nonlinear equations of the critical layer

In §5 of part 2 we developed the linearized theory in the neighbourhood of the
critical layer at y = 0. The solution obtained there is the ultimate form that results
a long time (¢ > v > 1) after the forcing at y = oo is initiated. When aU’(0) yt > v the
stream function consists of two terms as in (2; 5.16) the first of which corresponds to
the prescribed incident wave and the second of which we have described as critical-
level (CL) noise. When aU’(0)yt < v the CL-noise only is present as may be seen
from (2; 5.17). However, as ¢t increases this linear theory eventually becomes in-
adequate as the horizontal component of velocity and the temperature become large.
Asin part 1 the time scale on which they do so is O(¢~#) and the critical layer then has
thickness O(c?). If in (2; 2.1) we write

y=eY/U(0), ar=X, 7=clu,
Y =etW(X,Y,7)/U'(0), T =e*R(0)S(X,Y,7)/U(0), (2.1)

then the appropriate equations are, in the limit ¢ = 0,

0 o\ ¥ o8 WY oV v

—_ _ — 2 — e e e

(aﬁ YaX) EVCRAURE P> dalr> &) CIF) 6 €) (2.2a)
0 0 o oS VoS
('a?LYﬁ)S_'a‘X:EXW_EYﬁ(' (2:20)
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The initial conditions for these equations are specified by the requirement that the
solution shall match, as 7 — 0, with the linearized solution of § 5 of part 2, which, as
noted above, we envisage to be the form, when v > 1, taken for large ¢ of the solution
of an initial-value problem starting at ¢ = 0. Then 7 = O(1) represents the next stage
in the development of the flow and we shall find that on this time scale the outer flow,
where y = O(1), although still linear, is no longer steady.

For our initial conditions for (2.2) we shall take the solution summarized in (2; 5.16),
(2; 5.17), which means that

. i . oF
¥ = XY (Y, 7)+cec., S =;e’XTy—1—1+ c.c. (2.3)
as 7 — 0, where
Y. oo A7t - ﬂe—wq 2.4
11 T U + V}(’l] — 1) 3 ( )
when 7 > 1, and
pr-¥+w e—iv
¥, ~ AT (2.5)
vh(y—1)

when 7 < 1. The meaning of ~ in (2.4), (2.5) and subsequently in this paper is that
the terms given explicitly on the right-hand side are leading terms in an asymptotic
expansion of the left-hand side in descending powers of v. When two terms appear there
are two components to the expansion of different forms each of which is dominated
by the term explicitly quoted. Here

’]7 = i“_Uv—](}Qy—t = ZV-"-. Ae&“’ = a/_, ﬂ = (27")'& e’iV—Fi"i", (2‘6)

s

where a_ is defined in (2; 5.14). Near 5 = 1
4
W), ~ — 1284 fr-triv givy+i? f e~#idg,, (2.7)
where, as in (2; 5.7),

£=(n—1) ()t (2.8)

In addition there will be matching conditions with the region outside the critical
layer, namely that the incident wave from above cannot be changed and there can be
no incident wave from below. The reflected and transmitted waves have amplitudes
that are functions of r and ultimately include all harmonics. These solutions satisfy
the linearized equations with 9/t set equal to zero, and have been derived in §4 of
part 2.

We now proceed as in part 1, setting up an expansion for ¥, § by repeated substi-
tution into (2.2), beginning with ¥, §,;,. We write

¥ = §1 ¥(X,Y,7), 8= §1 S(X, ¥,7), (2.9)
= =
where ¥, 8, are of the form
¥,= % XY (Y1), S, = ps MES, (Y1), (2.10)
_ oYy

Vie=8,=0 Sy (2.11)

Ty oy
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Also ~
¥, = lIPr,—n: Sm = Sr,—m (2.12)

the complex conjugates being denoted by tildes, and where without loss of generality
we may take r —n to be an even integer or zero.
On substituting (2.9), (2.10) into (2.2) we find that ¥, S,, satisfy

0 Y ,, oM,
2 — ™m
(6 +mY) Tyt 2+ + 1) 8S,, "=y (2.13)
0 .5 ,
(E-i-mY) S,,—n¥,, =H,, (2.14)
where M., H,, are known functions of ¥ and 7 depending on the previously calculated

Y, 8, with 1 < p < r—1. If we eliminate S, between (2.13), (2.14) we find that the
resulting operator on ¥, can be factorized as could that on ® in (2; 5.1), and we
may write

1 1 2 (G a;
_ - i+ - m_ ™m 2
Frn 21}(0"‘ Cra): S 2v8Y(%—iv %-i—iv)’ (2.15)
where
0 Y 07 +) G =G +w) M, — (3 +v2) H,,}, (2.16)
P R —ni(y+w =i{(}+iv) M, v H,, .
o . N\oGn .. 1402)
(-a;-i-mY) F3% —ni(3— = {(§—) +v3) H,,}. (2.17)

As we found in part 1 each ¥,,,, 7718, is of the form
(2.18)

’

r—2+niv+ir 4 $or+n) J20r—n) Zr (7, V)

where the powers of 7 can differ from those associated with the reflection and trans-
mission coefficients %,, and .7,,, because of the r-dependence of 7. Part of our aim
in the rest of this paperis to obtain, at least in principle, the leading term in the uniform
expansion of #in descending powers of v, a typical term being of the form

v=iNg, (5, N) eh, (2.19)

where J is an integer, fp (E = 1,2,...) is a function of  only, and gx(5, N¥) a function
of y and N. Broadly, we shall find that

= 0( -1'? -1, m) (220)

for all admissible %, m but exceptions will occur because of cancellations and the
(highly significant) generation of complementary functions,

In fact, were it not for these, the expansion (2.9) would be straightforward and of
little interest. They arise in the following way. From (2.18) we may expect a typical
term of M, H,, to be

™m?

viNg, it (2.21)
and to force a (,,, of the form
V*fNKi?%ei”fz, (2.22)

where K is a quadratic in f; and essentially also in 5. If and when K vanishes we say
resonance has occurred, and to prevent the singularity which would otherwise arise
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at this point a complementary function must be added to G,,. The reflected and
transmitted waves can only be set up by these functions. We note that, as in part 2,
the terms that will generate reflected and transmitted waves in the outer flow have
been separated in (2.16), (2.17). For | Y| > 1itis G, that will have a complementary
function proportional to | Y |#=%, which corresponds to incident waves from above the
layer, of which there is to be only one, with n = 1, and to transmitted waves below
the layer. On the other hand, G, has a complementary function proportional to
| Y|+ and so corresponds to waves reflected above the layer, and to waves incident
from below the layer, which must be excluded.

3. Calculation of the second-order terms

It emerges that, as far as the calculation of %, #,,, the first two non-zero reflection
coefficients as defined in (2; 4.14), is concerned, we do not need the explicit form of
any terms for 7 < 1 or for y ~ 1. However, we shall find ¥,, for all % in order to illus-
trate the effect of the incident wave on the mean flow. First we calculate W,y, Sy in

¥y = 2 X Wy, + Wy + 672X ‘T"m, Sy = e2X Spo + 8,0+ e 21X S, (3.1)
It follows from (2.2) that, if &%',,/07, 8S,,/o7 are bounded as | ¥'| — oo,

3T‘20:i(‘1" ?_‘Iil_l—.q" &), 3820 :Y(qf S1—qf11811); (3.2)

oT nay oy “or

where ¥',,, 8;, are given by (2.3)-(2.8), and the additive arbitrary functions of r have

been set equal to zero as they do not affect the subsequent discussion. The right-hand

sides of these equations take different forms in the three regions, and when 7 < 1
we obtain, on integration,

214p° | 48|27 —3)

Wy ~ W:l_)’ Sgo ~ W,

to which should be added complementary functions a.,7/7, byy72/%2, Where ayg, by,
are constants since both complementary functions must depend on 1" alone, and in
the 7,  variables must have 7-dependence 7 and 7%, respectively, to satisfy the require-
ments of (2.18) on Wy, Sy However, a,, = by = 0 to avoid singularities at ¥ = 0.
In the transition zone near 3 = 1, { = O(1) and the solution that matches with (3.3) is

(3.3)

¥y ~ —2(1) T o - pie w10 + pierro), (3.40)
A d
|21}|§:r prall Ol (348)
where
g
1) =f e"¥#d{,. (3.5)
When 3 > 1 the result corresponding to (3.3) is
Wy ~ ~|A127{ 2+——~——%.(77+1 (ﬂ?]""e—iv’l—/?n“ivei"’l)}, (3.6a)
v 77’2( 2
2,27 .
Sy ~ IA‘ 7 (B e — Byt eim), (3.6b)
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In making the choice ayy = 2|4 |2, by, = 0 for 9 > I two arguments may be used.
Either they are necessary to ensure a detailed match with (3.4) as { — oo, or we may
note that, in terms of §, Wy = O(v 1), 8,5 = O(v—3#) from (3.3), and so (3.6) must lead
to similar orders of magnitude as 7 — 14-. The second argument is simpler to apply
and may be used in more complicated situations to explain the appearance of com-
plementary functions and hence travelling waves in parts of the critical layer. The
term O(7/7) in W, for large |7| was also obtained in part 1, and implies that the
horizontal velocity component contains an adjustment to the mean profile that is

O(e2y~2).
To evaluate ¥y, S;, we return to (2.16), (2.17) and find that, to leading order in v,
. . oy o'4\2
]‘122 ~ — ?/VH22 =1 ;\Flla—ﬁl - ( al}l) }, (3.7)

so that the equation for G is homogeneous, and hence G5, = 0 as there must be no
incident wave from below the critical layer. Although here we have obtained this
result only to the leading-order term in v, in part 1 it was shown to be true for all .
Ifin (2.17) we now write G, = 2v¥,, it becomes

0 .\ Y . . . oy d¥1,\2
(3—7_-}- 21 Y)—a——}f—z—22(%'—'“)) ‘F22 =1 {lyll—a—j;‘él— ( 8;1) }, (3.8)

where the right-hand side has been retained to leading order in v. We shall calculate
Yy in 7 > 1 only, as it will be shown in § 4 that its precise value when 9y < 1 or g ~ 1
is not required to calculate the reflection or transmission coefficients, at least to the
order considered here. Using (2.4) and keeping a contribution of the type of the first
term of (2.4) (the ‘wave’ term) and one of the type of the second term (the CL-noise
term), (3.8) becomes, to leading order in ,

AT A AL TR ojriizin |8 1o B —1)e™™ :
(7&;+21Y) 7Y =2} —iv)¥y, ~ A%T!H > —W (3.9)

for # > 1, where the first term on the right-hand side is O(v~!) instead of the expected
O(1) owing to a cancellation. Again to leading order in v, the solution of (3.9) is

S W Bop—1) et
\ ~ 2, +1421v —1-2%v __
Vo ~ A%T {2]}277 ¥ Ty . (3.10)
The corresponding solution for S,,in 7 > 1is
i ¥ i i B —1) gy e—ivy
St 22 A2% 2+2iv ]t -2-90 11
2y oy 4 ' {V277 Vi 4 1) } (3.11)

Iny < 1both¥,; and 7-18,, are made up of noise terms only that consist of a product
of 71+2%¢=201 with an algebraic function of 7, and this is the only property we shall
need. When 7 ~ 1 there is a boundary-layer solution that bridges these, but again it
is passive and we shall not require its precise form.

The absence of a term in |52~ or |5|}+" indicates that there is no transmitted or
reflected second harmonic at this stage. The first reflected second harmonic occurs
for » > 1 at the ¥, stage. In §4 we calculate the first correction %, to the reflection
coefficient. In part 1 the transmission coefficient Z;; was shown to be exponentially
small in ».
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4. The calculation of #,,(7)
For this purpose we must solve (2.16), (2.17) for G, the forcing terms being

oV, oy 6‘F a8, o
aYu a;z 31/]21‘F ‘Fna_yz“o_\y“ayzo)’ (1)

— (M, +ivHy) = v (

noy? 7Y 57 T InTyr
TSIk ST A Y
-2 4.2
nway oY oY ) , (42)
respectively. From an examination of the leading terms in the asymptotic expansions

of the right-hand sides of (4.1), (4.2) we see that ¥';; is forced by a number of terms
of the form

~ 2
V(Mg —ivHy,) = w ( -2¥ "oy 4 a\F.ll W'pe ke O

—¥

T2+nivtdr p—ivdy n—iv(n—/\) (D;EM(F']): (43)

where A is any integer satisfying —i(r—n) < A < }(r+n) when 9 > 1, and A =n
when 7 < 1; also r = 3,2 =1 and ®,,, is a known algebraic function of 1 which
vanishes as |5 — c0. A corresponding result holds for general ,n but there may be
additional terms which arise from complementary functions of (2.16), (2.17). We have
already seen how these arise whenr = 2, n = 0, and another set arises at this stage. We
now write

Gﬁ? = petnivtir p—ivdy ﬂ—iv(n—/\) Trin(ﬂ): (4_4)
n (2.16), (2.17), so that T}, satisfy
dzT,ﬂ;L 3r—2)dTE,
v dp? +{ (n=22) (7= 1)+ 2v | dy
+ (20— bin = iAdr = 1) = (0= 1) (Br=2)| T5, = 0%, (4.5)

where Q%,,(7) is the quadratic

QEAm) = An=2A) P2+ {n*=2A(n—A) £ n}n+ A(n—A). (4.6)

Our requirements on G, are that G5; must have no term O(|7|#+%) when 7 is large
and negative, for if so there would be a wave incident on the shear layer from below,
and that (5; must not include a term O(yt~") when 7 is large and positive or there
would be an additional wave O(7%) incident from above. Also, (#, must not be singular
at 7 = 0. This implies, from (4.4), that, for small 5, T,,, ~ ™=, This is a property of
one of the solutions of (4.5); the other must therefore be excluded in any region
including % = 0.

The complementary functions of (4.5) for 7', are of the asymptotic form

(e ,,]'L'v('n—-/\)) 7]1}+iv’ (e niv(n—/\)) e—irny n*iv(n+1)—§(3r—1)’ (4.7)
as || - oo, while for T';;, they are of the form
n Yy
(eiv/\vl ﬂiv(n—/\)) 77'}——'6»’ (eiv/h] ﬂiv(n—-/\)) e—ivnq ﬂ—iv(n—l)—f (3r—1)’ (48)

as || - co. When 7 > 1 the first complementary function in (4.7) corresponds to a

1 I.e. in which the powers of % involved are independent of v.
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reflected wave in G, and the second decays and corresponds to noise. In (4.8) the
first corresponds to a wave incident from above the layer, which must be excluded,
and the second is again noise. When 9 < — 1 the first complementary function in (4.7)
is unacceptable, while the first in (4.8) gives a transmitted wave in G,,. Again the
other terms decay. We shall see below how such complementary functions can be
induced in the case r = 3,n = 1.
If the quadratic @%,,(») in (4.6) has no zero for any % then for v > 1 the solution of
(4.5) is
TEH ~ nQFa(m) /[v@Fa(n), (4.9)

so that T'%, > 0 as |9| - o0. Let us now look at the implications of this result for 7'3;.
IfA = —1o0r2, Q;,(9) = —2(y—1)?and has a double zero at 9 = 1, so that a particular
integral for 7'; is
=7 P51(7)
4.10
2v(yp—1)° ( )

for any  + 1. However, on examining the behaviour of the solution near the possible
singularity at # = 1 it may easily be shown that it is smoothed out in a region of
thickness O(v-?) and generates complementary functions for 7T'; of the form of the
second of (4.8) for both # < 1 and % > 1. This represents noise and we are already in
possession of such a term in (3, since its exponential behaviour as a contribution to
(/51 is €77, which is present in G5; as the term of the form (4.3) with A = 1. Again, if
A= 0or 1, @5.(n) = 0, and (4.5) reduces to a first-order equation whose solution also
has a singularity at 7 = 1 to be smoothed out in the region of thickness O(v~%); but
again no new exponential behaviour is added to G5 for either # > 1 or » < 1. Thus
the exponential behaviours of the contributions to G5 are exactly those of its forcing
terms, namely e-#1yp-00-Dfor —1 < A< 2ify > 1,and A =1ify < 1.

The solution for 7'y is quite different. If A = 0 or 1, @4}, is proportional to  and

this does not lead to a singularity of (4.9). However, if A = —1 or 2,

Qaun(n) = —2(*— 3y + 1), (4.11)
which vanishes when 3 = 7,(> 1) and 4 = 95 ( < 1), where

N = w5, 0= (1+4/5). (4.12)
The root that is less than unity is of no interest here, since when % < 1 the function
®;,,(7) is non-zero only if A = 1. We first consider A = —1 and show that there is a

complementary function induced for # > #, and that it does indeed correspond to a
reflected wave.
When A = — 1, equation (4.5) for T becomes

nd*TH . 7VdT4 W o, {1

= - — —— (92— —— = 4.1

) g H3ur =1 +5- o + 7 (?—37+1)+30 o T3 =g_1m), (413)
where for convenience we have written ®F,(%) = g,(7). In the neighbourhood of
7 = 7, We write

7—1,=vip, (4.14)
80 that (4.13) reduces, when v > 1, to

dT{, 5t
“)07;31_ J‘%PT;& = vig_,(n,), (4.15)

34
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with solution
=910 o2 [P iy, i
T;i ~ —3;—%;70 ¢ 7p2f~melyp%dp1+ﬂ3le 1,7p2’ (4'16)
where 3 is an arbitrary constant and y = 5t/3w3. Now outside the region p = O(1)
a particular integral for 7' is
T+ ~ —779—1(77) 4.17
31 21)(772_377_*_1)’ ( )
and it is clear from (4.16) that these cannot match as 4 - 5, and as p tends to both
plus and minus infinity, for any value of f;,. The remedy is to correct (4.17) by the
addition of a complementary function O(v—%). We write it in the form

Cyy(m) €¥Pa [1 4 O(v1)], (4.18)
and on substituting into (4.13) find that
12D3i+ 3n(n — 1) Dy, +2(92 = 3p+ 1) = 0, (4.19)
' ’ ” ’ 5
{29D3,+ 3(n— 1)} C5, + (77D31 +%Dg +3 _7—7) Cgy = 0. (4.20)

Since (4.18) must provide a match with the term e~¥7* in (4.16), Dj,(7) = 0 when
7 = 73y, and hence

2 Dgy = —8(n— 1)+ (+ 6y + 1)}, (4.21)
is the required root of (4.19). It then follows from (4.20) that

{43+ (2 + 6p+ 1H}

G y , 4.22
"2+ 6+ 1 {1+ 3n+ (2 + 6y + 1)} (4:22)

Cy(n) =

where C; is a constant for 4 > 9,and < #,, but not necessarily having the same value
in each region. On integrating (4.21) we obtain

Dy (1) = — §n+ 2logn+ 3(2+ 65+ 1) + 3log {y + 3+ (2 + 67+ 1)}}
—Llog {1+3p+ (12 +6p+ 1)} (4.23)

For 7 > 0 the obvious meaning may be attached to all terms of (4.23) and so, when
7> 1,
Dy, () = —n+3logn+ 3+ Llog2+o(1). (4.24)
Hence
Gfi(n) ~ 2Fv-iedCyrbtivghti a5 g oo, (4.25)

and corresponds to a reflected wave.

At 9 = 0, Dy, has a logarithmic singularity, but the corresponding contribution to
(3 remains smooth. A standard transition point (of the type associated with Airy
functions) occurs when 7 = —3+4,/8 (424 67+ 1 = 0), out of which two branches
emerge for 7 < — 3+ 4/8; initially these are equal but one of them increases exponen-
tially as # decreases further, while the other decreases exponentially. Only the first is
therefore significant at the second transition point where » = —3—,/8, and in turn
it splits into two branches defined by (4.23) in one of which (524 67+ 1)? is positive
and in the other (42 + 67 + 1) isnegative fory < — 3 — /8. The branch with (42 + 67 + 1)}
negative corresponds to a wave incident from below that is exponentially large (¢'7)
in magnitude when compared with ¥';; and must be rejected. It follows that C, = 0



240 S. N. Brown and K. Stewartson

if 7 < 90, and (4.18) matches with (4.16) if #;, = 0 and the value of C; in 9 > 9, is

such that

L[ON
3y

. , ]
Cuafro) v = 5tebe (T20)'g ) (4.26)
The function g_,(7) is the coefficient of 78+ 5~2i»¢®7 jn (4.1) and the contribution
to it from the terms involving '¥',, is O(v—%) and from those involving S, ¥y, is O(v—3).
Hence ignoring the former v e obtain, for 9 > 1,

244128
g-a(n) ~ Ry (4.27)
and from (4.22), (4.33), (4.26)
C, = 512 -dw g si—delivy-1 4| 4|2 (4.28)
It follows from (4.25) that
2iy 93iy—1 2
e 2 AlAl T%-}-iv?]iﬂv’ (4_29)

31 ™ —5i(1 +\/5)5iv+} P2

for # > 1. Then on use of (2; 4.12), (2; 5.14) and (2.1) we obtain for %;,(7), the first
reflection coefficient, the expression

93iv—F c—4iv g200(1-T*) [ R (00) Q(U'(O))Hziv ay2i
~ 0 4.
A7) 5t(1+ /55714 ,,1+2i»(R'(o)) Uo) | (4.30)
which reduces to equation (9.32) of part 1 when R’(c0) = R'(0) = U'(0) = U(o0) =1
and 't = log 2.

The effect of the forcing term 5*e-2%7 corresponding to A = 2 can be discussed in
the same way. A complementary function has to be added in 9 > 7,and its exponential
behaviour is e=#Pu™, where D,, is given in (4.23). For 9 » 1 the product

niv e—2tvy e—ivDsl(ﬂ) ~ 77—2iv e—iwl, (4 31 )

which is not a reflected wave but just noise as in (4.7). Its coefficient need not be
calculated, as it emerges that it does not affect even 2 ,,(7).

In part 1 we showed that Z;,(r) = O(e™"). As this is an asymptotic analysis for
large v the exponentially small terms cannot be calculated but it is fairly clear from
the method used here that 3, will be smaller than any negative power of 7, since it
is the exponents that matter and they have all been included.

So far the position is as follows. At large values of ¢ (> v) we have a quasi-steady
situation with a primary incident wave that is absorbed at aU'(0)yt/v = 1 (y = 1),
its only effect on the region # < 1 being to produce critical-layer noise that decays as
7 - —00. AsTincreases this wavestartsto be reflected from theliney = 7, (= $(1+/5)?)
with a reflection coefficient that is O(v—17r3+2%). Only critical-layer noise is generated
iny < 9. In § 5 we show that a second harmonicis generated above thelinen = 2 +,/3
(> 1) which gives Z,,(7). An additional noise term is generated below 7 = }(4+4/7)
(< 7).

The results of this section have also been checked using an alternative method in
which we write Gy, = T8+% L, () in (2.16), (2.17), and construct the solution regular
at 7 = 0 with the correct behaviour as |5| — oo by the method of variation of para-
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meters. Examination of the behaviour of the integrals for » > 1, which we shall not
reproduce, shows that, at any value of # at which there is no saddle point, Lg, is given
by (4.9) multiplied by the appropriate exponential, but at a saddle point it is larger
by a factor v and is given by a constant multiple of a complementary function as
in (4.18). The saddle points of the integrals correspond to the zeroes of @4,,(7).

Consideration of the equations for ¥, shows that no complementary functions are
generated and the terms are obtained by division of the forcing terms by the appro-
priate vQy3,(7)/7 as in (4.9). Thus there is no induced third harmonic that is O(r#+3%)
and no reflection or transmission at this stage.

5. The calculation of Z,,(7)

Continuing with the expansion we now consider the calculation of ¥, and §, in
(2.9). Among the various constituents of these functions in (2.10), it is easy to show
that ¥',,, §,, arise entirely from terms similar to (4.3) withr =n=4,0 < A < 4, and
merge into the general noise structure in the shear layer; no complementary functions
are induced. Also ¥y, S, modify the basic shear flow in a similar way as do W,g, Sy.
Interest at this stage therefore centres chiefly on the computation of W,,, §,, and we
shall show here that there is a reflected wave among their components which provides
the leading term in the second harmonic of the reflection coefficient Z.

There are three groups of terms in '¥',,; one group arises from the interaction of the
induced complementary functions (4.18) of Gf; with ¥,,, 8;;, another is formed by
direct foreing from ¥y, and is given by terms of the type (4.3), and the third consists
of induced complementary functions of ¢5. Let us dispose of the first of these groups.
They are present only when 7 > 7 (= 3(1+4/5)?) and are forced by terms with
exponential behaviour:

eiw; 77—3'5» eiVDal(ﬂ), 77—2iv eivDal(aj)’ 6—21'117] e—ivDal(q), e—3iv77 771511 e—ivDal(q)' (5 1)

The corresponding contributions to G are obtained from these on multiplying by
algebraic functions of # that are bounded for all > 7, and tend to zero as 7 - co.
Hence they generate no new complementary functions nor any reflected wave.

The forcing terms coming directly from ¥',,, 8, are all of the form (4.3) with r = 4,
n=2and -1 <A< 3fory > 1whileA = 2if » < 1. We now make the substitution
(4.4) and consider (4.5) with 7 = 4, n = 2. The complementary functions of these equa-
tions take the asymptotic forms given in (4.7), (4.8). Further it is impossible to select
any complementary function which does not represent an incoming wave from either
above or below the shear layer or which is singular at 9 = 0. Hence no complementary
functions can be generated over the entire range of 3. They can only appear for a
range of 1 bounded above or below.

For v > 1 a particular integral of (4.5) is given by

T ~ 77@4%(77)

YA N2+ 2(A2 2242+ D)+ A2 = A)]
and we deduce that this gives the required contribution to ¥, unless the denominator
Qo2(m) of (5.2) vanishes in 7 > 1; for y < 1 we have A = 2, and @,,, vanishes only at
7 = 0 which is not a singularity of T,,. The denominator has a zero in 9 > 1 in two
cases only. These are A = —~ 1 and A = 3, and in each case @f;; vanishes at

7% =2+4/3, (5.3)

(5.2)
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and @, at
Ty = $(4+47). (5.4)

QT

We shall now show that when A = — 1 the singularity in 7'; at 4 = 5} induces a com-
plementary function for % > #§ that gives rise to a reflected wave with reflection
coefficient #,,, while that at #; in 7'; induces a complementary function in 3 < 55
corresponding to CL-noise. Nevertheless, this is a departure from previous results in
that the solution in 4 < 1 is no longer composed solely of terms like those in (4.3),
and eventually the modifications induced lead to a transmitted wave. When A = 3
the complementary functions appear only for 4 > %5 and correspond to noise when
7 > 1. Again there is no transmission coefficient at this stage though, as pointed out
in the discussion, one is expected to be associated with Wy,.

We first consider A = — 1 and obtain Z,,(7). This arises from 7'j; and is computed
in much the same way as %, (7) in §4. The equation corresponding to (4.13) is
nd¥; Lo 5\dT v . . 124
S 0= A TR TR ) 4= S T = Q). (59)

We now compute ®,, _,. Since the term in 2% in '¥',, turned out to be v=! smaller
than expected, its effect as a forecing term can be ignored. This means that ¥y; can
also be neglected as we are computing only the leading term for v > 1. We need the
terms O(y~2%e#7) in W¥,,, S,,, which are, respectively, to leading order in v,

P33+
iy — 172 (> =3 +1)’

— %A‘Al2ﬂ7%+iv eivn =2 (5.6)

_ 3_ 2 —
_%A|A|2/)77-%+iveim77—2iv(77 2)(y . 57; +97-3) (5.7)
vin(n— 1) (2 -3y + 1)
Thus the forcing term — (M, +ivH,,) for the equation for G'}; has the contribution

_iAz\AIZ/}Tuziveim?]—m (773“ 12) (n—2) . (5.8)
() (" =39+ 1)
Then finally, to leading order in »,

. —1 -2
Dy, (1) ~ —i42|4[2f (Vfg,} (Wﬁf’gﬂ - o (5.9)

with an error that is of relative order v-3.
As in the calculation of #,, the complementary function must be added for > 7
(= 2+./3) and is written as Cj,(7) €¥P, where

Dy(n) = =27+ 3logy+ (p2+ 49+ 1)t + 2log {y + 2+ (1% + 49 + 1)}}
—log {1+ 29+ (g2 + 49+ 1)}}, (5.10)

+2+(P2+4y+1)3)3

C, =C
42(7) 1(772+477+1)*{14‘277‘*‘(772"'477"‘1)%}2’

(5.11)

and (] is a constant. It is noted that D,, is similar in form to D,;, having a removable
singularity at » = 0, so that (7, is regular there, and two transition points at

7 =—24+,3.

As we argued in §4, unless |, = 0 for y < 75 an unacceptable, exponentially large,
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incident wave appears as 7 >—o0. Finally, the behaviour of ¥, for 4 » 1 is found
to be

.2 5 30 25iv+2 T4+2iv77i+iv
Voo ~ -4 4| v3%}+3i»(1 F /3B (5.12)
which leads to 2,,(7). The result is, with a relative error O(v-1),
925ir+2 =21y oBiv(1~-T'H) ; R’(oo) %(U'(O)):“""i" 0 ai
~— - - ARG A
Ras(T) 3%+3iv(1+J3)61v+1V§+31v(R’(O)) (U(oo))% T (5.13)

This is the first coefficient of ¢!@**+m:¥) induced outside the critical layer as 7 increases.
Here, asin (2; 4.7),
m, = v(R'(c0) /R (0))} (U'(0)/ U(c0)). (5.14)

We now examine briefly the effect on 7'; of the singularity at 9 = 95 with A = 3,
and on T'; of the singularities at 7 = 7, when A = — 1 and 3. For the effect on 7',
with A = 3 we find that the complementary function which must be added for 4 > 57
has exponential behaviour e~#Pu® where Dy, is given by (5.10). Thus the product

niv e—3iv1] e—ivDﬂ(q) ~ 77—31'1' e—2ivy (5. 1 5)

for 9 » 1, and we have the decaying second complementary function as in (4.7). It is
easy to show that for large 7 there is a factor %" in (5.15).

For T'j; we first consider A = — 1. There is a boundary layer at 9 = 55 (= }(4+4/7))
that induces a complementary funection with exponential behaviour e?*F«®, where

Fp(n) = — 29+ 3logn+ (2 + 1)t —log {1 + (n2+ 1)}}. (5.16)

The product 3% 71 ¢#Faln) ig regular at # = 0, and for 4 > 1 is of the form =% so
would contribute a term in 742 y#-% to G5, which is unacceptable. However, for
7 € — 1 the product is of the form (—#)~%e~?»7, and corresponds to the second com-
plementary funection in (4.8) which represents decaying CL-noise. This is acceptable
and therefore a multiple of the complementary function must be added for 3 < 75 .
When A = 3 a similar argument shows that the complementary funection must be
inecluded for 4 > #;, but for y > 1 it decays as noise.

6. The strategy of the expansion

In this section we shall explain in general terms the manner in which the leading
terms of the principal harmonic and induced second harmonic of the reflected wave
appeared, and indicate the subsequent development of the solution in ascending real
powers of 7. The crucial equations are (2.16), (2.17) for G, and since, as noted in
(4.3), the 7-dependence of ¥, (7, 7) is 72 ¥+ we write

GF(Y,7) = 72t P2 (y), (6.1)
whence PZ, satisfy
nd?PF, . 3r—21dPy, .. . aEE
—_ — —— = == . m. .2
) g +{ni(p+1)+ 5 | ni(y + ) PE =2 ft e (6.2)

Here EZ are functions of 7 to be specified more precisely below and f7 are also func-
tions of 7 and v which may be written in descending powers of ». We have obtained
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the values of E and fin special cases earlier in this paper. The summation sign in (6.2)
indicates that at any stage of the expansion there are a finite number of such terms,
of similar form but with different Es,

Any reflected wave derives from one of the complementary functions of the equation
for P}, when 7 > 1 and any transmitted from the equation for Py, for 7 <€ — 1. Simi-
larly, when 9 € — 1 the equation for P}, contains unacceptable waves incident from
below the shear layer, and when # » 1 that for P, contains waves incident from
above the layer, of which ¥';; is the only one to be permitted. When » > 1 the expo-
nential behaviour of these complementary functions is

UM gDV ), (6.3)
where, from (6.2),
1
Uz'(n) = %{—n(ﬂ+1)+[n2(77+1)2i4m7]*}, (6.4)
, 1
V') = %{—n(ﬂ+ 1) —[n¥(n + 1)2 + 4ny ). (6.5)

We examine now the principal properties of the complementary functions for P;,
defined by U, and V;. When 4 > 1, U}; gives thereflected wave since U}’ ~ 571, and
V3" &~ —n, which corresponds tonoise. Moreover, V;’ is singular at 7 = 0 and both
U;" and V" have singularities at the (negative) roots 7,1, M,s (M1 > Mne) Of

n¥(n+1)2+ 4ny = 0.

If either of the associated complementary functions is non-zero in 0 > % > 7, it
splits into two branches at % = 7,,;, one of which becomes larger by a factor ¢'” at
7 = 7, the other being smaller by the same factor. At 4 = 7,,, a further split occurs,
and for # < 7,, both exponential behaviours in (6.3) occur, of which V; represents a
wave incident from below the shear layer.

The complementary functions for P, are simpler since, for n > 1, n3(y+ 1)2 — 4ny
has no real roots. Thus U, gives the exponential behaviour of the complementary
function regular at g = 0 for all 5, and represents an incident wave for > 1 and noise
for » € —1. On the other hand Vj represents a transmitted wave for 5 € —1 and
noise for y > 1 but is singularat 9 = 0. If n = 1

p—

U; (n>=%7{—<n+1>+ln—ll}, Vf’(n)=%7{—(77+1)—|?7—1|}, (6.6)

and it should be understood that either complementary function splits into a linear
combination of both on crossing the point # = 1.

These complementary functions appear in the expansion of ¥, 8 in the following
way. A particular integral of (6.2) for v » 1 (not necessarily uniformly valid for all %)
can be obtained by assuming that PZ has the same exponential behaviour as the right-
hand side and, provided this particular integral is not singular, no complementary
function is needed. A singularity arises if

for some 7, say 9, where W, is any one of Uz, V. Then, depending on the value of 7,,
one of the two possible complementary functions appears, for 9 > 9, or for 4 < 7,.
The criterion for selection is simply that a complementary function singular at y = 0
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is not permitted in any range including 4 = 0; and complementary functions repre-
senting incident waves are not allowed in # > 1 or # € — 1. Thus if we consider the
contribution to the right-hand side of (6.2) which comes directly from ¥, 8,,, i.e.
if we neglect the effect of any other complementary functions with n > 1,

Er = —Ap—(n—2A)logn = (n—=A) U (n)+AVy (n), (6.8)
where —3(r—n) < A < §(r+n). Fory < 1
EZ(n) = —ny = nU7 (7). (6.9)

This last equation implies that (6.7) has no solution for any # < 1 exceptif n = 1 and
W = U1 .Then it becomes an identity, but as a result no new complementary function
is generated.
For 5 > 1, complementary functions arise if, for any 7,
n—A

_.,\_T=%7{—71(774-1)1[712(774-1)2-};47177]’}}. (6.10)

Thus we see that if A < 0, U can occur, while if n < A, V% can occur, except when
n=1.Whenn = 1,E;' (1) = V{'(1) = U7’(1). We concludethatifn = ,r > 1 nocom-
plementary functions are induced by (6.6) while if » > » > 1 then U} is induced for
7 > 7 (> 1) (the appropriate solution of (6.10)), U is induced for y < y,and Vi are
induced for 7 > 94, 9,4, the values of 3 being different in all four cases. The situation
is similar if » = 1 for U, V{, but for Uy, Vi special care must be taken since 5, = 1
in both instances. The treatment of the solution near 5, = 1 has already been con-
sidered in § 4, and again we may conclude that no additional complementary function
is in fact induced by the double singularity which results.

As explained earlier, each U} corresponds to a reflected wave for 9 > 1, each Vi
corresponds to noise for # > 1 and each U, corresponds to noise for 4y € — 1. Thus we
can see in principle that reflected waves of all harmonies occur, the leading term of
the nth harmonic appearing at the (n+ 2)th stage and being of amplitude 73+,
Furthermore, after the r = 3 stage not all the E,, in (6.2) come from (6.8) if 9 > 1.
We may plausibly expect that E,, will in general be a linear combination of UT, U],
V# (1 € 8 € r-—2) with the provisos that the sum of their coefficients, after multi-
plication by s, be equal to n, and to r if no regard is paid to sign. We shall discuss
the general situation in 9 < 1in §7.

7. The transmitted wave

We have already seen that for » < 3 the only possible form of E,, when 9 < 1 is
—ny, but for r > 4 additional terms must be considered since the restraint on the
incident wave implies that U () can appear in some of the E,,, when 4 < 7,,. In order
to induce a transmitted wave, a complementary function with V7, as exponential
factor must be generated in 4 < 0; were one to be generated in 4 > 0 the singularity
at 7 = 0 in V, ensures that it would be confined to an infinite region above 5 = 0.
Now we have already seen that the simplest form of E,, for 4 < 0, namely =Uy,
cannot generate a V,  and so we must now consider %, which involve U7, for n > 1
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and which can occur if r > 4. Two inequalities are of assistance in this study, namely
that, when 9 < 0,
Ua'n) < Uzla(m) <0, nUZL(n) < (a=1) U, () <0,
Va'n) > Vilatn) > 0, nVili(m) > (m—1) V' (y) > 0.

As a preliminary, we observe that, as shown in §6, U, is not induced by the com-
putation for n = », and hence E,, does not contain U;_, if n = r — 2. Otherwise, we
may see by inspection that a typical form for E,, is given by

(7.1)

So To
SAUS —Zu U, As %0, (1.2)
1 1

where A, > 0,4, > 0. There are restrictions on S, 7;, namely that 7, §; < r—3, and
more importantly

So To

IESAS-—EIJt/Lt =n, (73)
So To
28A8+ Zt/l’t = Zrn’ (74)
1 1

where Z,, = r if Sy = T, =1 but Z_, < r—2 otherwise. Then by the inequalities of
(7.1) it follows that

Ug, s T , Ug ,
By < S22 o0, - U5 Sty = n07 + 4 (2= U3) (Bt
0

<nUT +3(r—2+n) (%"——U{’). (7.5)
0
Since Sg1Ug,' — U’ is positive and an increasing function of S, we maximize the last
expression if we choose S, to be as large as possible for fixed », ». This by inspection is
4(r+n)—1, so finally
E,, <Ug/+(n=8,)U;i". (7.6)

We now see that the best chance of generating a complementary function involving
V7, at the rth stage of the expansion is if

E;'n = Ugol + (n_SO) Uf,a SO = %(T+n)_ 17 (77)

except when n = 7— 2 or r, in which case we know that it is impossible; ¥,, generates
no complementary functions and E, ,_, generates only U;_,. In order to generate V',
in 7 < 0 we must have

r,r—

Va'(p) = Ug () + (n—8) Uy (), (7.8)

for some 7 < 0. Since V;; has a singularity at # = 0, the complementary function is
non-zero only for more negative values of 9. By direct substitution it may be shown
that (7.8) reduces to

nSognt+{n2+83—2(n+8y)+ 1}y +nS, =0, (7.9)

which has real negative zeroes only if
Sy = (1+nb)2, (7.10)

It now follows that the first appearance of a V', complementary function in 9 < 0,
and hence of a transmitted wave, is associated with » = 1 and occurs at the ninth
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stage of the expansion (2.9). The appropriate value of §;is 4 and (7.9) has a double
zero at 7 = 1. In view of the double zero in the quadratic corresponding to (4.8), the
transition layer near 7 = —1 is of thickness v~¥ instead of v-3, which would be
the case in the neighbourhood of a simple zero, and this permits a discontinuity in the
V1 complementary function across it. A V, complementary function cannot occur
for # > —1, since it would be singular at » = 0, and therefore must be set up when
7 < — 1, leading to a transmitted wave as 3 - — c0 except in the fortuitous and highly
unlikely case of the forcing function vanishing to a large enough order at # = —1.
We conclude that the transmission coefficient hasamplitude O(712)in the first harmonic.

For the second harmonic the roots of (7.9) are real for S, > 6 and when S, = 6 they
occur at 9 = — 2, —%. Thus for §; = 6 two complementary functions are set up at the
twelfth stage, and except if they happen to cancel each other exactly when n < —%
we obtain a second harmonic to the transmission coefficient of order 7%+». Higher
harmonics do not occur before the (4 4 4n¥ 4-n)th stage.

8. Discussion

According to linear theory a strongly stratified shear layer has the property, first
discovered by Booker & Bretherton (1967), of absorbing anincident wave of amplitude
€ (< 1) so that it is neither reflected nor transmitted. Our aim in the three papers of
this work was to elucidate further the nature of the absorption process and to examine
whether the same properties persist indefinitely. We were not concerned with flow
properties O(c?) which might arise from the effect of nonlinear terms in the governing
equations at a general point in the flow field and may well depend on the precise way
in which the incident wave and the shear flow are set up. We concentrated our study
on phenomena of the same size as the incident wave but which, being generated by
nonlinear terms, might take a long time to evolve.

In the first part we showed that such effects arise from the neighbourhood of the
critical level at which the phase velocity of the incident wave and the local fluid velo-
city are equal, conveniently taken to be y = 0. A general procedure for their calcu-
lation has been developed which, in principle, would enable us to compute the shapes
of the reflected and the transmitted waves at this level and for all local Richardson
numbers J (= »?+}). However, it rapidly becomes very cumbersome, and we con-
tented ourselves with the computation of the leading term in the reflected wave when
¥ > 1 and to noting that the corresponding term in the transmitted wave is exponen-
tially small. In a separate study Mr A. T. Burke has removed the restriction v > 1
from this calculation. The complexity of the work involved also obscures the signifi-
cance of the linear mechanics of the absorption process and of the generation of the
reflected wave.

Consequently in part 2 we made a fresh start by assuming that » > 1 from the outset
and obtaining explicit expressions for the linear solution at large times. We showed
that the linear equations in the shear layer contain two pairs of solutions, one of which
matches to an external wave motion and the other has an algebraic dependence on
time (t-3*%), and which may conveniently be described as noise. This second class is
closely related to the genesis of the disturbance and so any phenomenon which depends
on its properties must be regarded as being to some extent arbitrary and not easily
susceptible to study by the methods of this paper. Fortunately such effects are O(e?),
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except in the neighbourhood of this critical level where the noise is virtually indepen-
dent of initial conditions and also increases in intensity to become as important as the
wavelike solutions. Indeed, were the wave allowed to penetrate to the critical level
aty = 0, an unacceptable singularity would occur and this is prevented by a transition
near aU’(0) yt = v, where it is converted into critical-level noise.

These two classes of solution take on particularly simple forms near y = 0, when
v > 1, and these are also representative of their complete asymptotic expansions in
descending powers of v. Hence their use in the nonlinear theory enabled us to obtain
explicit expressions for the dominant part of the various terms of the reflection and
transmission coefficients when v > 1, more simply than by the precise method of part
1,and moreover we could comment in more detail on their general properties. In part 3
we have developed the nonlinear solution as a series in powers of e¥af (= 7) through
the use of the nonlinear terms of the equations as sources for the linear equations. In
general, these sources generate solutions of the same form as the sources and are then
of no significance, being O(e?) outside the critical layer. However, in certain circum-
stances such solutions become singular at one or two values of 5 (= alU’(0)yt/v),
typically 9 = ,, and in order to have a smooth solution a complementary function
must be generated either in 5 > 7, or 9 < 7,, depending on whether this function is
singular at # = 0 or corresponds to an unacceptable behaviour outside the shear layer
(e.g. is an incident wave from below).

Moreover, the appearance of a wave outside the shear layer depends on the class of
complementary function so forced. A complementary function of the other class merely
gives rise to noise at this stage, although at later stages it will contribute to the non-
linear sources and lead to a singularity which provokes the wavelike solution.

It can be seen, almost at once, that such must be the case for the transmitted wave,
since the linear solution of part 2 is very simple in # < 1 and the associated nonlinear
sources cannot give rise to any additional complementary functions in # < 0. The
situation with the reflected wave is quite different, a whole succession of new com-
plementary functions being generated above the critical level as the expansion pro-
ceeds and, either directly or indirectly, they give rise to reflected waves. Outside the
shear layer the form i, taken by the reflected wave is

{( U'(0) (R’(oo)

3 " n+2l+1
—_U(do))& R_—'(O) ) e(at) } cos {nax+m,y+d,(v,t)}, (8.1)

N o
wR =3 X cnl(v)

n=11=0

where d,,; are algebraic functions of v, logv and logt, and ¢, are algebraic functions
of v, of which

1o & 0:085v=1, oy ~ 0-009v—2. (8.2)
Also

{U'Z(O) R’(c0)

3
%) F'0) (v2+i)—n2a2} , (8.3)

and N is the maximum value of n for which m?2 > 0. Thus further harmonics occur in
the reflected wave. A parallel situation is noted for unstratified shear flows with a
mean vorticity gradient at the critical layer (Stewartson 1978). In that case there is
a velocity jump across the layer that takes the form

o0 @
—msinz4+7 Y Y b, (eht)i+en+2gin na, (8.4)
n=11=0
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with

b10 = T%?’ bzo = _Wleﬁa (8.5)

which indicates orders of magnitude comparable with (8.2) for the leading numerical
terms. In the simplest problem of this type Stewartson was able to show that the
velocity jump tended to zero as ¢ tended to infinity.

In order to generate a transmitted wave it is first necessary to modify the structure
of the solution in # < 1 from that given in part 2. This necessitates a new comple-
mentary function forced by a singularity of the nonlinear-source solution at a value
7s(> 1) of 9 which can only be non-zero if 3 < 7,. (The reflected wave comes from
complementary functions non-zero in an infinite interval of 4 bounded from below.)
This first happens at the fourth stage of the expansion, and the complementary
function is a second harmonic of the original wave but it is not sufficiently different
from the principal harmonic to produce the required singularity in 4 < 0. We have to
wait until the sizth stage, when a noise-like complementary function, which is a fourth
harmonie, is generated in 5 < 7,. Then at the ninth stage the interaction of this
solution with three principal harmonic solutions produces a nonlinear source, which
gives rise to a singularity in # < 0, and this provokes a principal harmonic of the
transmitted wave. After that, higher harmonics appear in an orderly fashion and
also additional contributions to the lower harmonics are made; we have for the trans-
mitted wave ¥ outside the shear layer the form

Yr =f11(‘3§0‘t)12 cos (ax +myy+gy)+ ..., (8.6)

where f, is a function of v only and has not yet been calculated.

The solution in this paper is determined on the assumptions that e € 1,» > 1, and
that €8t is finite but small. A study of (8.1) suggests that this last assumption is un-
necessarily strong and the correct requirement is that ¢# < 1v* where b is a positive
number. It is not easy to decide on the precise value of b in view of the resonances,
which increase the order of magnitude of the induced complementary function by vt,
or even more in the case of double resonance, but from (8.1) we may anticipate that
b ~ 1. Now the asymptotic forms (2; 5.16), (2; 5.17) of the linearized solution are
crucial to the success of the method and these are valid if ¢ > v. Hence we must have

1< (t/v)t < (ev)? (8.7)
on taking b = }.

Here only the leading terms in the expansions for v » 1 have been discussed, and
even 50 fi; in (8.6) was not found explicitly. Since the further terms are of an essentially
similar kind we can be sure that the error in (8.1) is exponentially small and probably
O(e™), which is the order of magnitude consistently neglected throughout the paper.
It is of interest to consider the applicability of the present results to finite values of
the Richardson number since e—*7 is very small even when v = 1. On the time scale
on which the results of this study are valid the distortion to the mean flow is only
O(e%v?) and hence small, so it seems unlikely that the local Richardson number will
fall so low as to cause instability before the reflection and transmission predicted here
have taken place. Indeed it is not clear that a Richardson number of less than 0-25
is a sufficient condition for dynamic instability. Geller, Tanaka & Fritts (1975) use
it as a criterion, but Brown & Stewartson (1978) showed that the instability of a
marginally unstable stratified shear flow was determined by the second and higher
harmonics. The latter theory cannot be extended to stable basic flows because there
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are no eigensolutions of the right kind. This difficulty also prevents us from making
precise statements for the present problem.

Laboratory experiments on critical layers are difficult to perform but a recent one
by Thorpe (1981) is of especial interest to us. The mean flow was produced by tilting
a tube containing stratified fluid and forcing transient waves by corrugating its base.
The effective Richardson number was initially about unity and fell to unstable values
after a few seconds. Nevertheless, Thorpe was able to distinguish some signs of wave
reflection but not of transmission.

We are grateful to Professor S. A. Maslowe for constructive criticism during the
preparation of this paper.
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